An example system is studied to discuss precision of the multipole expansion, applied to determine forces exerted on particles by a viscous low-Reynolds-number fluid flow. A single sphere in an ambient flow (pure shear, quadratic, and modulated shear) parallel to a close plane wall is considered. Forces and torques exerted by the ambient flow on a motionless sphere are evaluated. Their precision is determined and related to a multipole order of the truncation. Similar analysis is performed for a moving sphere with no ambient flow and for a freely moving sphere. Relative motion of the sphere with respect to the wall gives rise to strong lubrication interactions. It is analysed how these interactions affect accuracy of the pure multipole expansion, and what are the smallest distances where it becomes insufficient. An alternative precise method is applied, in which lubrication expressions are subtracted from the hydrodynamic forces and torques, and the residue is evaluated as a fast-convergent series of inverse powers of the distance between the sphere centre and the wall. The accuracy of this procedure is carefully analysed.
Introduction
Multipole expansion is widely used to determine transport coefficients and structure of suspensions, and to evaluate hydrodynamic interactions between individual particles in low-Reynolds-number fluid flows; see, for example, (1 to 3). This method is adequate to determine the motion of many spherical particles, which undergo external forces in an ambient fluid flow. Periodic boundary conditions, or one or two plane boundaries can be taken into account (4 to 9). The multipole method is based on analytical developments, and therefore its precision is controlled. In particular, relative motion of close solid surfaces can be accurately calculated. Such a lubrication correction is implemented in numerical simulations performed also by other methods or for other shapes of the particles; see (10 to 12).
The multipole expansion is based on a boundary-integral representation of the velocity and pressure disturbances (13, 14) , in conjunction with the use of a Green's tensor for the Stokes equations, suitable for geometry of the system and the boundary conditions. For a fluid bounded by a plane wall, the Green's tensor was given by Blake (15) . Cichocki and Jones (16) used it to combine the multipole expansion with the method of images (17) . In this approach, the force density and the velocity field at the surfaces of the sphere and of its image are projected on to the complete set of irreducible multipole functions (18) . The coefficients of the truncated expansion are determined from the boundary integral equation, which takes the form of a large system of linear algebraic equations. For further details and successful implementations of the irreducible multipole expansion, the reader is directed to the papers by Felderhof, Cichocki, Jones and collaborators, especially to the paper (19) for the hydrodynamic interactions between many spheres in infinite space or with periodic boundary conditions. The irreducible multipole expansion was also applied to calculate hydrodynamic interaction of a single sphere with a solid plane wall (16) and the results were used to construct theoretical and numerical algorithms for many spheres near a solid plane wall (7) . Recently, the irreducible multipole expansion has been applied to one sphere between two parallel solid plane walls (8, 9) .
Accuracy of the multipole expansion is of great practical interest. Therefore in this paper, an example is studied to discuss the multipole precision: a single sphere, motionless or moving freely, in an ambient flow parallel to a close plane wall. There are three basic goals of this study. First, challenged by the accurate results obtained in the companion paper (20) with the use of bipolar coordinates, we have asked what is the 'top precision' of the multipole expansion applied to the same problem, especially for very small distances from the sphere centre to the wall. Secondly, it is of interest to specify how to reach a reasonable relative accuracy, for example, one per cent, using this approach, which could be easily generalized for many spheres. Thirdly, for systems with lubrication between surfaces in relative motion, it is useful to determine the accuracy of the pure multipole expansion (in principle, applicable for relatively large separations of the sphere from the wall) and compare it with the precision of the power-series expansion, performed after subtracting the lubrication expressions (and therefore accurate even for very small separations).
In section 2, we specify the problems; in section 3, we outline how the multipole expansion is applied to solve them. In section 4, we evaluate forces and torques exerted on a motionless sphere by pure shear, quadratic and modulated shear ambient flows. We estimate the accuracy as a function of the multipole order, and as a function of the distance from the sphere centre to the wall. The problem of a freely moving sphere in these ambient flows is more complicated because of lubrication effects, caused by motion of the sphere with respect to the very close wall. Therefore in section 5, forces and torques on a sphere moving close to the wall in the absence of ambient flows are constructed by the pure multipole expansion, and alternatively, by a fast-convergent powerseries expansion, applied after subtracting the lubrication asymptotic expressions, valid for very small gaps between the sphere surface and the wall. The accuracy of each method is estimated and the two are compared. In section 6, free motion of a sphere in ambient flows is evaluated and its precision is discussed, based on results from previous sections. Section 7 contains the final conclusions.
The problem
Three generic ambient flows parallel to a solid plane wall at z = 0 are considered:
(pure shear), k q z 2 e x (quadratic), 2k m zy e x (modulated shear),
with a solid sphere of radius a located at a distance from the wall; see Fig. 1 . The same system was investigated in a companion paper (20) with the use of bipolar coordinates. Here another method will be applied: the multipole expansion. The ultimate goal is to estimate the accuracy of the multipole expansion in various physical contexts. Three generic problems will be solved, and precision of the following quantities will be estimated for a given multipole order: (i) the force and torque exerted by the fluid on a motionless sphere in these ambient flows, (ii) the force and torque exerted by the fluid on a sphere moving with given translational and angular velocities in the absence of ambient flow, (iii) the translational and angular velocities of a freely moving sphere in these ambient flows.
The fluid velocity and pressure satisfy the Stokes equations, with the no-slip boundary conditions at the surfaces of the spheres and of the wall. The problem may be reformulated as a boundary integral equation (13, 14) for the density of forces (the fluid normal stress) [−σ σ σ (y) · n y ] induced at a point y on the sphere surface S (21 to 23), exerted by the sphere on the fluid,
Here U and denote the translational and angular velocities of the sphere, and G is the Green's function obtained by Blake (15) for velocity of the fluid bounded by a solid plane wall. Using the Cartesian indices α, β, γ = 1, 2, 3, with r = (r 1 , r 2 , r 3 ) = x−y, and R = (R 1 , R 2 , R 3 ) = x−y where y is symmetric to y with respect to the plane z = 0 (see Fig. 1 ). Further, δ is the Kronecker symbol, y 3 = y · e z , and T αβ denotes the Green's tensor for the unbounded fluid (the Oseen tensor), with
where r = |r|. The Green's function is symmetric, G αβ (x, y) = G βα ( y, x), as can be shown using the Lorentz reciprocity theorem (14) . In this paper, we follow the normalization used in the companion paper (20) . The dimensionless forces and torques in the problems (i), (ii) are called friction factors. The normalization coefficients are listed in Table 1 . They are chosen in such a way that for /a → ∞, the friction factors tend to unity (or zero). Translational velocities of the sphere in the problem (iii) are normalized by the corresponding values of the ambient flow at the sphere centre (and then denoted byŨ ), and angular velocities by values of the ambient flow at the sphere centre divided by the sphere radius a (and then denoted by˜ ).
Multipole expansion
In (20, 24) , the solution to the problems (i), (ii) and (iii), specified in the previous section, has been determined in the bipolar coordinates as a linear combination of a large number of scalar harmonics. In this paper, we outline how to construct the solution as a linear combination of a large number of vector spherical harmonics (25, 26) , introduced to hydrodynamics of low-Reynolds-number flows by Felderhof (23) .
Let us now summarize the irreducible multipole expansion (18, 27) . Following Cichocki and Jones (16), we apply this expansion to a single solid sphere in a fluid bounded by a planar solid wall at z = 0, under a general ambient flow u ∞ (x). Note that the formulae given below are general and may also be applied to different geometries of the boundaries, if the corresponding Green's function is known. In this procedure, the forces, torques and velocities are projected on a basic set of multipole functions, and represented by the coefficients of this expansion (the so-called force and velocity multipoles); see Appendix A for details. Here we use the real multipole vector functions u + lmσ (X), with X = x − . The subscripts are the multipole indices l = 1, 2, . . ., m = 0, ±1, . . . , ±l and σ = 0, 1, 2. The definitions of all the u + lmσ (X) are given in (7) and some of the multipole functions are explicitly listed in Appendix B. The projection casts the integral equation (2.2) into an infinite set of algebraic equations, which relate the velocity multipoles c(lmσ ) to the force multipoles f (l m σ ) through known multipole matrix elements M(lmσ, l m σ ). For a fluid bounded by a solid plane wall, these matrix elements were determined in (16) . One obtains
where the force multipoles are defined as
The velocity multipoles c(lmσ ) contain the two contributions
which are the expansion coefficients of the velocity field U + × ( y − ) at a point y on the sphere surface (c 0 ), and of the velocity u ∞ (x) of the ambient flow at any point x of the fluid (c ∞ ). In other words,
Note that the only non-vanishing c 0 (lmσ ) are those with l = 1, σ = 0, 1. Each of them is proportional to a component of the translational or the angular velocity of the sphere relative to the ambient flow. Similarly, the force multipoles with (l, σ ) = (1, 0) and (l, σ ) = (1, 1) are proportional to components of the force and the torque exerted by the fluid on the sphere, with coefficients given in Appendix A. After truncating the expansion at multipole order L, that is, neglecting terms with l, l > L, equation (3.1) reduces to a finite set of linear algebraic equations. These equations are solved for the force multipoles by inverting the large matrix M formed by the coefficients M(lmσ, l m σ ), with l, l L. More precisely, one obtains (16), using an algorithm based on the method of images and therefore similar to the approach of Schmitz and Felderhof (27) for two spheres in infinite fluid.
In the absence of an ambient flow, for given translational and angular velocities of the sphere (problem (ii) in section 2), the forces and the torques are determined by (3.6) with l = 1, m = 0, ±1 and σ = 0, 1,
These multipole elements Z L (lmσ, l m σ ), which enter (3.7), form the so-called friction matrix.
Let us now explain how the multipole expansion is applied to solve the problems (i) and (iii), introduced in section 2. We first project each ambient flow (that is, pure shear, quadratic and modulated shear) on to the basic set of the multipole functions. Each flow is a linear combination of several multipole vector functions with l 3, listed in Appendix B (the corresponding coefficients c ∞ (lmσ ) can be deduced easily).
When the sphere is motionless in the ambient flow (problem (i) in section 2), we determine the force and torque exerted on the sphere. In the multipole expansion, this means that we search the force multipoles with l = 1, m = 0, ±1 and σ = 0, 1. We denote these as f ∞,L (1mσ ), with the subscript ∞ specifying the problem (the sphere is fixed and the force multipoles are determined by all the coefficients c ∞ (l m σ ) only). Note that all the force multipoles depend on L, as indicated by the second subscript L. In particular, for pure shear and quadratic flows along e x , the forces (along e x ) and the torques (along e y ) are determined by f ∞,L (110) and f ∞,L (1 −11), respectively. For the modulated shear flow, the force vanishes and the torque is perpendicular to the wall, that is, given by f ∞,L (101). These force multipoles are evaluated from (3.6), which takes the form
Note that in precise computations, the selected multipole order L should be large enough to include in the above sum all the coefficients c ∞ (l m σ ) = 0. In Appendix C, equation (3.8) is expressed in terms of friction factors rather than f ∞,L , with the use of Table 1 and Appendix A. When the sphere is freely moving in an ambient flow, with f (lmσ ) = 0 for l = 1, m = 0, ±1 and σ = 0, 1, then the goal is to determine its translational and rotational velocities (problem (iii) in section 2). These velocities are expressed by the velocity multipoles with l = 1, m = 0, ±1 and σ = 0, 1, as in Appendix A. By virtue of (3.3) and (3.6), one obtains
with f ∞,L already calculated in (3.8) . Here µ L (lmσ, l m σ ) denote coefficients of the 6×6 mobility matrix, which is the inverse of the corresponding 6 × 6 friction matrix,
where Table 1 and Appendix A have been used. The algorithm described above has been implemented in a numerical FORTRAN code and calculations have been carried out with quadruple precision (32 digits). The accuracy will be discussed in the following sections.
Motionless sphere in an ambient flow
In this section, equation (3.8) is applied to compute the forces and torques exerted on a single sphere by pure shear, quadratic, and modulated shear ambient flows. The accuracy is estimated numerically by analysing the forces and torques as functions of the multipole order L.
Challenged by the precise (truncated at 16 digits) results of Pasol et al. (20) , we start by asking whether it is possible to obtain such a high accuracy also from the multipole expansion. First, we consider the forces and torques applied by the quadratic ambient flow. Using (C.8) and (C.9) from Appendix C, we calculate the corresponding friction factors, that is, f Fig. 2 , for large L the following inequalities are numerically observed: where c is constant and b, q depend on /a. The uncertainty of a friction factor F(L) is thus estimated as follows:
for /a 1·0001,
The change of the scaling at intermediate distances between /a = 1·0001 and /a = 1·001 is related to the rapid increase of accuracy for /a 1·001. If the sphere is far from the wall, then the scaling b L ∼ (a/ ) 2L can be derived from the multiple scattering expansion. For small distances, however, b L is a complicated function of L and /a. The characteristic size of the gap corresponding to transition from exponential to algebraic convergence, and the specific scaling 1/L 4 law are just the numerical findings, which would require further theoretical explanation.
For /a 1·0001, we improve the 5×10 −9 accuracy deduced from (4.2). This has been achieved by extrapolating the results from a finite to an infinite multipole order, as illustrated in Fig. 3 .
10 and L 3, respectively). By extrapolating the line to 1/L 3 → 0 we thus obtain the corrected value f q x x (∞). A similar extrapolation has been carried out for the torque. The corresponding estimate of the multipole precision is listed in Table 2 .
For /a 1·001, the convergence with L is fast and we may decrease the multipole order below 500 to keep the 5 × 10 −17 accuracy, chosen in the companion paper (20) . The multipole order L sufficient to keep this precision is evaluated and listed in Table 2 . Instead of applying (4.2), it is Table 2 The multipole order L needed to obtain the indicated absolute precision of the dimensionless forces and torques f s
q yx , and c m zx , exerted on a fixed sphere centred at a distance from the wall by pure shear, quadratic, and modulated shear flows, respectively equivalent to look at the smallest L at which the sixteenth digit after the decimal point does not change any more if the multipole order is increased. In pure shear ambient flow, the forces and the torques f s x x (L) and c s yx (L) scale with L also according to (4.2) . Moreover, they are increasing functions of L, if L 7 and L 2, respectively. Therefore, for /a 1·0001 the forces and torques due to pure shear are extrapolated in the same way as in case of quadratic flow. The multipole precision is listed in Table 2 , together with the multipole order L sufficient to keep the 5 × 10 −17 precision for /a 1·001.
The calculation of the torque exerted on the motionless sphere in the modulated shear ambient flow is significantly more precise than the evaluation of the friction factors in the quadratic flow. Even at contact, we obtain the exact result of Goren and O'Neill (28) , that is, π 4 /90, with a 32-digit precision. To keep the chosen 5×10 −17 accuracy at any value of /a, we need significantly less multipoles than in the case of quadratic flow, as indicated by the corresponding values of L in Table 2 . Table 2 allows for an easy comparison with the results obtained in bipolar coordinates (20, 24) . Our accuracy is lower only for the pure shear and quadratic friction factors, and only for 1 /a 1·0001. In this case, the maximal multipole precision is 10 −10 to 10 −9 (in bipolar coordinates, 5 × 10 −17 for 1 < /a 1·0001 and 5 × 10 −11 for /a = 1). Within the estimated precision, all our values of the forces and the torques coincide with those obtained in bipolar coordinates (20, 24) . Now we focus on a sphere at contact with the wall. We compare relative accuracy of the friction factors for different ambient flows. † In Fig. 4A , the resulting relative accuracy is plotted as a function of the multipole order 3 L 500.
For practical applications, it is especially important to analyse the relative accuracy for very low values of the multipole order L. From Fig. 4B it follows that L = 3 is already sufficient to † For large /a, the friction factors tend to 1. For smaller distances, they are also O(1). obtain one per cent relative accuracy of the forces and torques on the sphere at contact with the wall. Indeed, for the motionless sphere, there is no lubrication effect, and fast convergence of the multipole expansion has been expected even at the contact, where the accuracy is the lowest. The last conclusion is clearly seen in Fig. 5 , where the relative accuracy of the forces and torques, calculated with L = 3, is plotted versus /a. Therefore L = 3 is sufficient to obtain one per cent relative accuracy for arbitrary separations between the sphere surface and the wall.
Moving sphere, no ambient flow
In this section, we focus on the friction factors f t x x , c t yx and c r yy and their accuracy. Table 3 .
Pure multipole expansion
If a solid sphere moves with respect to a close solid wall, lubrication forces dominate and the multipole expansion of the friction factors f t x x , c t yx and c r yy converges very slowly. For example, at /a = 1·001, the 0·01 absolute precision is reached for as many as L ∼ 90. For small distances, the previous estimate (4.1) is now replaced by |b L | d/L. Indeed, for /a → 1, values of the friction factors diverge, and their uncertainty rapidly increases. There is no analogue of Fig. 3 . For /a 1·0001, we use a more accurate method (called in brief a 'power series'), proposed by Cichocki and Jones (16) . In this range, even for L = 500, absolute precision of the pure multipole expansion is poor in comparison to the power-series accuracy. Therefore the absolute precision of the pure multipole expansion is evaluated as the difference between the multipole-expansion values and the power-series values of the friction factors, and listed in Table 3 .
Power series
Making the inverse-power-series expansion in /a of the friction factors F = f t x x , c t yx and c r yy , it is essential to speed up the convergence rate by subtracting the corresponding asymptotic expressions, non-analytical and divergent at close distances (29) . For a single sphere next to a flat hard wall, such a procedure has been constructed by Cichocki and Jones (16) . They used the multipole expansion to evaluate
with ξ = /a − 1, and A, B listed in (16) . Then, they expanded the difference G in the inverse powers of /a, and truncated at a certain large power n,
The idea originates from Jeffrey and Onishi (29) , who considered two unequal spheres in infinite space. In the limit of infinite radius of sphere 2 (which becomes the plane wall), the In (16), the power-series expansion of F was constructed from the multipole expansion, represented as a sum of multiple scatterings. Then, subtracting the power-series expansion of the lubrication expressions A ln ξ + B ξ ln ξ , they obtained a fast-convergent series G. The lubrication asymptotics is essential to determine D k as a function of k. Indeed, if ξ → 0, then G = O(ξ 2 log ξ), and therefore D k = O (1/k 3 ) . However, for c r yy , f t x x and c t yx , this scaling cannot be directly used to estimate the truncation error, because of large oscillations inherent to the inverse-power expansion in /a, illustrated in Fig. 6A . We thus use a procedure equivalent to that introduced in (16) , that is, we represent the term G as
With p = 3, we then decrease amplitude of the oscillations by two orders of magnitude, as shown in 
1·01, we extrapolate values of the friction factors from n = 450 to n = ∞, as illustrated in Fig. 6 , improving precision of (16) . Precision of the extrapolated values is listed in Table 3 as the 'absolute precision of the power series'.
It is important to mention that the extrapolation correction can be deduced from the lubrication expansion. For /a close to one, Chaoui and Feuillebois (24) determined the asymptotic lubrication expansion of the friction factors up to O(ξ 5 log ξ). In particular, they evaluated C ξ 2 log ξ , with C ≈ 0·0116 for f t x x , C ≈ −0·0369 for c t yx , and C ≈ −0·213 for c r yy . Expanding C ξ 2 log ξ in powers of a/ , we evaluate the extrapolation correction as
Indeed, (5.3) is in excellent quantitative agreement with our extrapolation correction. Actually, (5.3) can be used to estimate and improve precision of the power series not only for very small, but also for larger distances. The point is that G (3) practically do not oscillate, and
The reference variable S(n) is a straightforward generalization of 1/n 2 used in Fig. 6 . For /a = 1·05, the linear dependence of F (3) (n) on S(n) is illustrated in Fig. 7 . The slopes of the straight lines in Fig. 7 correspond to 2C = 0·025 for f t x x , 2C = −0·08 for c t yx , 2C = −0·46 for c r yy , in agreement with the corresponding values calculated in (24) . The friction factor c r zz has also been plotted in the same figure, with 2C = 0·9. This is the only friction factor finite at the contact, with c r zz = ζ(3) ≈ 1·202057. For practical purposes, very high accuracy is not needed. In Fig. 8 , absolute precision of the power series is studied as a function of the truncation power n. Here /a = 1 is taken, where Fig. 9 Absolute precision of the friction factors F = c r zz , c r yy , c t yx , f t x x versus the distance /a between the sphere centre and the wall. The series is truncated at n = 8 the convergence rate is the slowest. Figure 9 illustrates how the absolute precision changes with distance from the wall. The truncation power as small as n = 8 is sufficient to reach the one per cent absolute precision for all the distances. The 'cusps' seen in Fig. 9 correspond to intersections of curves F (3) (n) and F (3) (450) for some values of /a.
Comparison
In summary, the friction factors f t x x , c t yx and c r yy and their accuracy have been calculated by two methods. In Table 3 , we list the 'top precision' of the pure multipole expansion, and of the inversepower expansion in /a. For /a 1·05, we reach by both methods the chosen 5 × 10 −17 accuracy with powers L and n of the corresponding truncations listed in Table 3 . For /a 1·01, the convergence of the power expansion slows down and the precision rapidly deteriorates because we numerically cannot go beyond n = 450. As a result, in the range of 1·001 /a 1·01, the multipole expansion is slightly more accurate than the power series. For very close distances /a 1·001, it is essential to take into account the lubrication effects, therefore in this range the pure multipole expansion is practically of no use. Within the specified accuracy, values of the friction factors f t x x , c t yx and c r yy calculated here (and listed in table D1 in Appendix D) coincide with the results obtained in bipolar coordinates (24) .
It is important to stress that for a single sphere close to a wall, the inverse-power expansion is more practical (convenient and faster) than the pure multipole expansion, because the expansion coefficients are calculated only once for all the separations. For many spheres, however, the most efficient method is the multipole expansion with a low multipole order, combined with pairwise sphere-sphere and sphere-wall lubrication corrections, each built from a corresponding power series, truncated at a large power n.
Freely moving sphere in an ambient flow
Free motion of a sphere immersed in pure shear and quadratic flows has been calculated with a high precision from (3.10), (3.11). The 'top relative accuracy' of the translational and angular sphere velocities, listed in Table 4 , has been evaluated in the standard way from the 'top absolute precision' of the corresponding friction factors. Within this accuracy, our values coincide with the results obtained in bipolar coordinates in (20, 24) . For n = 450 and a small multipole order L = 3, in the whole range of the distances, the relative accuracy of the translational and angular sphere velocities coincides with that of the corresponding friction factors; see Fig. 5 . Table 4 Top relative accuracy of the translational and angular velocities,Ũ s ,˜ s ,Ũ q and˜ q of a sphere with its centre at a distance from the wall, freely moving in an ambient pure shear and a quadratic flow, respectively. For /a 1·005, the chosen accuracy 5 × 10 −17 is easily obtained relative accuracy of The translational and angular sphere velocities decrease to zero when the sphere tends to touch the wall. However, there appears a non-vanishing slip˜ s,q y /Ũ s,q in this limit. Using (3.10), (3.11) , and the relations (C.11) given in (30, 31) , we obtain at the contact yx , we obtain˜ s y /Ũ s = 0·567549869 (improving the precision of (32)), and˜ q y /Ũ q = 0·794842531. In pure shear flow, the slip at the contact is more significant than in quadratic flow.
Conclusions
A single sphere near a plane wall in quadratic and pure shear low-Reynolds-number flows has been considered. The force and the torque exerted on the motionless sphere by the fluid were evaluated by a multipole expansion. The same method has been applied to determine the free motion of the sphere. For very small separations /a − 1 10 −4 between the sphere surface and the wall, the 'top relative accuracy' of the multipole expansion is of the order of 10 −9 to 10 −10 . For larger gaps, the uncertainty rapidly decreases with the distance and for /a − 1 0·001 the required 16 digits precision is easily obtained and exceeded by our 32-digit FORTRAN calculation. For a single sphere in modulated shear flow, the 32-digit ME accuracy is obtained for the whole range of distances, even at the contact. All the calculated values are in perfect agreement with the ones obtained by Pasol et al. from the bipolar coordinates method in the companion paper (20) .
For practical applications, to reach the one per cent relative accuracy of the forces and torques on a motionless sphere, the multipole order L = 3 is sufficient. A motion of the sphere with respect to a very close wall requires significantly more multipoles, or a more elaborate treatment: subtracting the lubrication expressions from the friction coefficients, and calculating the rest as a fast-convergent series in inverse powers of the distance from the sphere centre to the wall, /a. With no ambient flow, the one per cent absolute precision is obtained already for truncation at as low power as n = 8. Actually, the power series with n = 450 can also be used with no substantially larger computational cost. Then, for small gaps /a − 1 10 −2 , the precision is not worse than 10 −7 ; for larger gaps at least 16 digits are precise. For all the distances, the absolute precision is evaluated (and improved) from (5.3), using coefficients of lubrication asymptotic expressions. Note how strong is this result, taking into account that the lubrication expressions are applicable for very close distances only. Our analysis indicates that precise calculation of Chaoui and Feuillebois (24) of the lubrication coefficients in bipolar coordinates may be used to significantly improve accuracy of the power series. Such a series is used in many-body systems to construct pairwise lubrication corrections, which account for interactions between each sphere and the wall, and also between two spheres. Such lubrication corrections, after (33) , are used in the Stokesian dynamics (4, 19) and in the statistical description of suspensions, in a similar way as in (34) . The multipole method used in this paper can currently treat up to around one hundred spheres, plus one or two plane walls.
Sellier for sharing results of their calculation in bipolar coordinates with us. Visits of the first author to France were supported by a PAN-CNRS grant.
APPENDIX A

How do force-and velocity-multipoles relate to physical quantities?
The force F and the torque C, exerted by the fluid on the sphere, are expressed in terms of the force multipoles as
The translational and angular velocities of the sphere are expressed by the velocity multipoles as
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At the centre of the sphere, the ambient flow and its derivatives of all orders are expressed by the corresponding velocity multipoles c ∞ . In particular,
APPENDIX B
Ambient flows as combinations of the multipole vector functions
According to (3.5) , the ambient fluid flows u ∞ (x) at any point x in the fluid may be expressed as superposition of multipole vector functions, u + lmσ (X), with the position X = x − measured with respect to the sphere centre = [0, 0, ]; see Fig. 1 . The basic set of these functions was defined in (7). We explicitly write below the decomposition (3.5) for the pure shear, quadratic, and modulated shear flows. In all these cases, the sums in (3.5) consist of only several terms. It is convenient to denotẽ
Using this notation, with x = (x, y, z) and X = (X, Y, Z ) = (x, y, z − ), as defined in Fig. 1 , we write the pure shear, quadratic, and modulated shear flows as 
